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Abstract
The Shannon entropy in the atomic, molecular and chemical physics context is
presented by using as test cases the hydrogenic-like atoms Hc, He
+
c and Li
2+
c
confined by an impenetrable spherical box. Novel expressions for entropic un-
certainty relation and Shannon entropies Sr and Sp are proposed to ensure their
physical dimensionless characteristic. The electronic ground state energy and
the quantities Sr, Sp and St are calculated for the hydrogenic-like atoms to
different confinement radii by using a variational method. The global behav-
ior of these quantities and different conjectures are analyzed. The results are
compared, when available, with those previously published.
Keywords:
Information Theory, Shannon Entropies, Entropic Uncertainty Relation,
Confined Quantum Systems.
1. Introduction
The basis of the mathematical theory of communication or information the-
ory was established by Shannon in 1948 [1], where it was analyzed substantially
the communication process, i.e., how is the interaction between different mech-
anisms. This connection between mechanisms, usually by sending and receiving
a message (oral or written forms, pictures, music, etc.), happened to have a
statistical and probabilistic approach, making their semantic aspects irrelevant
with regard to the engineering ones. Information in this field is not the meaning,
but it is a measure of freedom to select a message among many others [2]. A
fundamental concept is the information entropy or Shannon entropy which has
complementary interpretations - quantity of information (after measurement)
or uncertainty (before measurement) - in a given probability distribution [3].
Information theory, through of the Shannon entropies in the position (Sr)
and momentum (Sp) spaces, has been applied in the context of the quantum
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theory from the 1980s [4–6]. More specifically, we can cite the derivation of an-
alytical relations in systems such as a particle confined in a box [7, 8], harmonic
oscillator [9, 10] and hydrogen atom [11]. Moreover, the treatment of electronic
excitations [12, 13] and complexity of systems [14, 15] and characterization of
chemical processes [16, 17] have also used the Shannon entropy in their analysis.
And in recent years the Shannon entropy has been studied from the perspective
of spatially confined quantum systems [18–23].
Confined systems have their physical and chemical properties modified in
relation for the free system. In a first approximation, atoms and molecules un-
der high pressure, quantum dots and dense astrophysical objects can be treated
as confined systems in spherical barrier of infinite potential (see Refs.[24, 25]
and references therein). Thus, such systems have been the subject of numerous
studies with different methods to impose the confinement, making this a rele-
vant field of research [26–31]. A particularly interesting situation is when the
confinement is rigorous (strong confinement regime). For example, it was shown
that in such regime the energies of confined hydrogenic-like atoms tends to the
values of a particle confined in a spherical cage [32]. Recent studies for the
harmonic potential showed that such analysis can be made based on Shannon
entropy [33, 34].
The entropy sum (St), quantity defined as the sum of the Shannon entropies
in the position and momentum spaces, has occupied a privileged place in the
study of quantum systems in the information theory context. For instance, an
entropic uncertainty relation that it has been treated as a stronger version of
the Heisenberg uncertainty relation can be derived from the entropy sum [35].
Additionally, we can cite the conjectures pointing to possible universal relation-
ships of that quantity [36], as well as the promising study of electron correlation
based on the value of the entropy sum [37]. More specifically, studies have
shown that improvements in basis function set (according to variational energy
criteria) leads to an increase of the entropy sum for atomic systems. This leads
to the conjecture that St can be regarded as an indicator of the quality of
basis functions [38–40], proposal known as Gadre-Sears-Chakravorty-Bendale
(GSCB) conjecture. Furthermore, previous works show that the value of the
entropy sum not depend of the atomic number for fundamental or excited state
of free hydrogenic-like atoms, while in an isoelectronic multielectronic atoms
series its value depends of the atomic number [41].
Despite the success of using the Shannon entropy in atomic, molecular and
chemical physics, one aspect that still requires discussion is its dimensional
problem. Originally, the informational entropy proposed by Shannon is defined
in terms of a logarithmic function from a discrete or continuous dimensionless
probability distribution, being expressed in units of information bits, hartleys,
nats and etc, according to the base of logarithm employed (a base change re-
sults only in a scale change). In this sense Shannon’s logarithmic quantities
acquire information-theoretic units. For the other hand, in the quantum theory
the probability density functions in the position and momentum spaces have
dimensional characteristics. In this framework the use of the quantum proba-
bility density functions to build the Shannon entropy requires adaptations in
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the expression originally proposed because of their physical dimensionality.
Recent works have already proposed redefinitions of the Shannon entropy in
the position spaces to solve this dubiousness explicitly. For example it is inserted
into the logarithmic argument a function having the dimensions of reciprocal
volume (expressed in the appropriate units) [42] or of electronic densities mea-
sured on the nucleus of the atom [43]. Note that these proposals were presented
with specific objectives, the first one to study problems with a delimited contour
of the electronic probability density, while the second one to define an expression
for the Shannon entropy non-negative under all space.
In the present work, we have developed a theoretical study on one-electron
atomic systems confined within impenetrable walls, more precisely the hydrogen
(Hc), helium cation (He
+
c ) and lithium dication (Li
2+
c ), by using the Shannon
entropies and entropy sum. Initially, we suggest modified and more general
expressions to the entropy sum (and the correspondent entropic uncertainty
relation) and Shannon entropies Sr and Sp that ensure their physical dimen-
sionless characteristic. Subsequently, we have performed the calculations of the
energy, Sr, Sp and St of Hc, He
+
c and Li
2+
c in the ground state for different
confinement radii by using a variational method. The global behavior of these
quantities are analyzed and two conjectures are tested, the first on the depen-
dence of them due the atomic number and the second on the minimum value of
St with respect to the confinement radius. Additionally, we have analyzed the
entropic uncertainty relation validity and the use of St as a measure of basis
function set quality, GSCB conjecture, in confined environments (for neutral
and ionized atoms). And, finally, we have examined the strong confinement
regime.
The paper is organized as follows: in section 2 are presented the concepts
and definitions of the information theory in the quantum mechanics context and
the novel expressions of St, Sr and Sp. In section 3 the systems of interest are
presented and the trial ground state wave functions are proposed. The results
for the confined hydrogenic-like atoms are shown in section 4, when pertinent
analysis are done. And, finally, in the last section the main aspects of the present
work are summarized and the concluding remarks are presented.
2. Concepts
In the context of the quantum theory is known that the measure of any two
observables A and B can only be done within of a limit of accuracy, resulting
at the standard uncertainty relation. In particular, in the case of the position
and momentum observables we have the Heisenberg uncertainty principle. On
the union of the quantum mechanics and information theory is obtained the en-
tropic uncertainty relation, being treated as a stronger version of the Heisenberg
uncertainty relation.
Usually the entropic uncertainty relation is derived of the entropy sum, a
quantity defined as St = Sr + Sp, being Sr and Sp the Shannon entropies in
the position and momentum spaces, respectively. The Sr and Sp quantities
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are defined by replacing the dimensionless probability distribution in the origi-
nal Shannon entropy formulation with the quantum probability densities in the
position and momentum spaces. However, in quantum theory the probability
densities ρ(~r) and γ(~p), respectively, in the n-dimensional position and momen-
tum spaces are normalized to unity and have, respectively, dimension of inverse
of n-dimensional position and momentum volume. More precisely, ρ(~r) and γ(~p)
are given, respectively, in terms of |ψ(~r)|2 and |ψ˜(~p)|2, being ψ(~r) and ψ˜(~p) the
wave functions in position and momentum spaces.
Thus, to avoid the dimensionality problem of ρ(~r) and γ(~p), we propose the
following form for the entropic uncertainty relation in the context of the atoms
and molecules study:
St = −
∫ ∫
d~r d~p ρ(~r) γ(~p) ln( h¯n ρ(~r) γ(~p)) ≥ n(1 + lnpi) , (1)
where n is the dimension on the position (and the momentum) space. The rela-
tion (1) reaches equality when it is used a Gaussian wave functions. Moreover,
this relation has the property of being invariant when subjected to a scale trans-
formation, in other words, is unaffected by a uniform elongation or compression
of the atom [39].
Note that the relation (1) can be decomposed in the sum of the Sr and Sp.
Defining h¯n = λ.κ, we can write,
St = −
∫ ∫
d~r d~p ρ(~r) γ(~p) ln( λ.κ ρ(~r)γ(~p)) . (2)
Using the properties of the logarithmic function we have
St = −
∫ ∫
d~r d~p ρ(~r) γ(~p) [ln( λρ(~r)) + ln( κγ(~p))]
= −
∫
d~r ρ(~r) ln(λ ρ(~r))−
∫
d~p γ(~p) ln(κ γ(~p)) . (3)
Thus, we can define
Sr = −
∫
d~r ρ(~r) ln(λ ρ(~r)) (4)
and
Sp = −
∫
d~p γ(~p) ln(κ γ(~p)) , (5)
where the quantities Sr and Sp are, respectively, the Shannon entropies in the
position and momentum spaces.
The λ and κ constants ensure that the arguments of the logarithm function
are dimensionless. An interpretation for Sr is to be a measure of the uncertainty
in the location of the particle position, while Sp can be considered as a measure of
the uncertainty in the determining of the particle momentum. Still, the Shannon
entropy is a measure more satisfactory of the uncertainty (hence of the spread of
the probability distribution) when compared to the standard deviation [44, 45].
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Note that the informational entropy introduced by Shannon is based on dis-
crete or continuous probability distribution and has the characteristic of being
dimensionless in the physical point of view. The Shannon Sr and Sp entropies
[Eqs. (4) and (5)] proposed by us differ from those previously reported in the
literature by the introduction of the constants λ and κ, respectively, with dimen-
sions of position and momentum volume. The natural choice for these constants
in the scope of the quantum theory is the following: λ = a0
n and κ = ( h¯a0 )
n
, be-
ing a0 the Bohr radius. We point out that the proposed forms are independent
of the units system used and of the quantum system to be treated (including
systems of arbitrary dimensions, see Ref. [46]). In this sense they are more gen-
eral in relation to the usual expressions. Furthermore, by using atomic units (a0
and h¯ equal to 1 atomic unit), the relation (1) and the Eqs. (4) and (5) assume
the current forms of the literature, however, now with a consistent dimensional
formulation.
3. Methodology
The time independent radial Schro¨dinger equation for confined hydrogenic-
like atoms in atomic units, assuming an infinite mass for the nucleus and putting
it on the center of the hard sphere with radius rc, is given by
[− 1
2r
d2
dr2
r +
l(l + 1)
2r2
+ V (r)]ψ(r) = Eψ(r) , (6)
with
V (r) =
{ −Zr r < rc∞ r ≥ rc , (7)
being ψ(r) the radial wave function solution, l the angular momentum quantum
number, E the energy for the stationary state and Z the atomic number (Z = 1,
Z = 2 and Z = 3, respectively, for the Hc, He
+
c e Li
2+
c confined atoms).
The variational method [47] is employed to obtain the (l = 0) ground state
solution of Eq. (6). For this, we have employed a trial wave function of the type:
ψ˜(r) = φc(r) = Ae−αZrΩc(r) , (8)
where Ωc(r) is a cut-off function that satisfies Ωc(rc) = 0 condition, A is a
normalization constant and α is the parameter to be determined minimizing
the total energy functional.
In the literature there are several proposals for the cut-off function [48, 49]
and we adopted three possible ones. The first one is the polynomial function
Ωc1q(r) = [1− (
r
rc
)q] =⇒ φc1q(r) (9)
where q (= 1, 2 and 3) defines the polynomial degree. The other two types are
the trigonometric functions as follows:
Ωc2(r) = [sin(1−
r
rc
)] =⇒ φc2(r) (10)
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and
Ωc3(r) = [cos(
pi
2
r
rc
)] =⇒ φc3(r). (11)
Thus, the trial wave functions proposed here to describe the confined hydrogenic-
like atoms are in the form of the notation and with the appropriate labels given
by φc11(r), φ
c
12(r) , φ
c
13(r), φ
c
2(r) and φ
c
3(r).
4. Results and discussion
The ground state wave functions and energies of confined Hc, He
+
c e Li
2+
c
were determined for each type of trial wave functions and different values of rc
by the choice of the optimal variational parameter α. From the knowledge of
ψ˜(r), we were able to determine Shannon entropies Sr and Sp [Eqs. (4) and (5)]
and the entropy sum St [Eq. (1)]. The results obtained are summarized in
Tables 1 and 2 for all systems of interest.
The analysis of them is organized as follows: the results for the ground
state energy are discussed in subsection 4.1, while in subsection 4.2 the global
behavior of Sr and Sp are presented. In subsection 4.3 the results of St are
summarized with the discussion of the entropic uncertainty relation, suggestion
of conjectures and use of St as a measure of basis function set quality in confined
environments. Finally we have examined the limit for the strong confinement
regime in subsection 4.4.
4.1. Energy
The ground state energy values of confined Hc, He
+
c e Li
2+
c for each type
of trial wave functions and different values of rc are presented in Table 1, and
their general behaviors are displayed in Figure 1. In general, the energy values
of these confined systems tend to the ones of the free systems when rc goes to
infinity and increases when rc decreases, reaching positive values for small rc.
In addition, one can clearly see that the one electron atomic system with the
highest atomic number has lower energies for the same confinement radius.
Analyzing the quality of the trial wave functions considered here by using
the energy variational criterion, we can note that not necessarily the same trial
wave function provides the best values for all rc studied. In Table 1 we indicated
in bold and italic the best variational energy value for each value of rc and the
corresponding value of St. For Li
2+
c , for example, the trial wave function φ
c
13(r)
provides the best energy value for rc comprised between 1.5 a.u. and 3.5 a.u.,
while for rc = 1.0 a.u. the trial wave function φ
c
11(r) presents the best result
and, finally, for rc = 0.5 a.u. the trial wave function with the best energy value
is the φc12(r).
4.2. Shannon entropies Sr and Sp
The Shannon entropies in the position (Sr) and momentum (Sp) spaces of
confined Hc, He
+
c and Li
2+
c in the ground state for different values of confinement
radius (rc) are presented in Table 2, and their general behaviors are displayed
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Table 1: Energy E and entropy sum St values as a function of the confinement radius rc for
the confined Hc, He
+
c e Li
2+
c in the ground states. All values are in atomic units (a.u.).
rc Ref.[18] φ
c
11(r) φ
c
12(r) φ
c
13(r) φ
c
2(r) φ
c
3(r)
Hc
0.5 E 14.748 14.8970 14.8152 14.8774 14.8316 14.7644
St 6.497 6.5794 6.5766 6.5803 6.5779 6.5759
1.0 E 2.374 2.3906 2.3784 2.3878 2.3806 2.3741
St 6.520 6.5449 6.5413 6.5458 6.5426 6.5395
1.5 E 0.437 0.4388 0.4371 0.4384 0.4371 0.4389
St 6.506 6.5157 6.5110 6.5161 6.5125 6.5077
2.0 E -0.125 -0.1250 -0.1240 -0.1249 -0.1245 -0.1211
St 6.495 6.4960 6.4900 6.4958 6.4918 6.4853
2.5 E -0.335 -0.3343 -0.3325 -0.3342 -0.3332 -0.3296
St 6.494 6.4859 6.4794 6.4857 6.4813 6.4740
3.0 E -0.424 -0.4225 -0.4206 -0.4224 -0.4213 -0.4180
St 6.499 6.4838 6.4771 6.4837 6.4792 6.4715
3.5 E -0.464 -0.4624 -0.4606 -0.4623 -0.4612 -0.4584
St 6.509 6.4879 6.4813 6.4880 6.4833 6.4758
4.0 E -0.483 -0.4811 -0.4796 -0.4811 -0.4801 -0.4779
St 6.521 6.4960 6.4895 6.4964 6.4916 6.4843
4.5 E -0.492 -0.4902 -0.4889 -0.4902 -0.4894 -0.4876
St 6.533 6.5058 6.4995 6.5065 6.5016 6.4944
5.0 E -0.496 -0.4947 -0.4937 -0.4948 -0.4941 -0.4927
St 6.544 6.5156 6.5094 6.5165 6.5116 6.5045
5.5 E -0.498 -0.4970 -0.4962 -0.4971 -0.4965 -0.4 955
St 6.552 6.5244 6.5184 6.5255 6.5206 6.5138
6.0 E -0.499 -0.4982 -0.4976 -0.4983 -0.4979 -0.4971
St 6.557 6.5312 6.5260 6.5331 6.5282 6.5216
He+c
0.5 E 9.496 9.5623 9.5135 9.5513 9.5222 9.4965
St 6.525 6.5449 6.5414 6.5458 6.5427 6.5394
1.0 E -0.500 -0.5000 -0.4959 -0.4996 -0.4979 -0.4842
St 6.498 6.4959 6.4900 6.4959 6.4918 6.4852
1.5 E -1.696 -1.6902 -1.6823 -1.6897 -1.6850 -1.6721
St 6.496 6.4838 6.4771 6.4837 6.4791 6.4715
2.0 E -1.933 -1.9244 -1.9182 -1.9245 -1.9204 -1.9115
St 6.517 6.4960 6.4895 6.4964 6.4916 6.4842
2.5 E -1.985 -1.9787 -1.9747 -1.9790 -1.9762 -1.9708
St 6.541 6.5157 6.5095 6.5165 6.5116 6.5046
3.0 E -1.997 -1.9929 -1.9905 -1.9933 -1.9915 -1.9883
St 6.555 6.5318 6.5260 6.5332 6.5282 6.5216
3.5 E -1.999 -1.9972 -1.9957 -1.9975 -1.9964 -1.9945
St 6.563 6.5425 6.5373 6.5442 6.5394 6.5334
4.0 E -1.999 -1.9987 -1.9978 -1.9989 -1.9982 -1.9970
St 6.565 6.5494 6.5447 6.5512 6.5467 6.5415
4.5 E -2.000 -1.9993 -1.9987 -1.9995 -1.9990 -1.9983
St 6.566 6.5538 6.5498 6.5557 6.5516 6.5470
5.0 E -2.000 -1.9996 -1.9992 -1.9997 -1.9994 -1.9989
St 6.566 6.5569 6.5532 6.5586 6.5548 6.5509
Li2+c
0.5 E 3.933 3.9495 3.9338 3.9456 3.9343 3.9498
St 6.505 6.5158 6.5110 6.5161 6.5125 6.5077
1.0 E -3.816 -3.8029 -3.7853 -3.8018 -3.7913 -3.7622
St 6.493 6.4838 6.4771 6.4837 6.4791 6.4715
1.5 E -4.430 -4.4114 -4.4002 -4.4120 -4.4043 -4.3885
St 6.527 6.5058 6.4995 6.5065 6.5016 6.4944
2.0 E -4.493 -4.4839 -4.4786 -4.4849 -4.4808 -4.4736
St 6.554 6.5318 6.5260 6.5331 6.5281 6.5216
2.5 E -4.500 -4.4957 -4.4932 -4.4964 -4.4943 -4.4910
St 6.563 6.5464 6.5414 6.5481 6.5435 6.5378
3.0 E -4.500 -4.4984 -4.4972 -4.4989 -4.4978 -4.4961
St 6.564 6.5539 6.5498 6.5557 6.5516 6.5470
3.5 E -4.500 -4.4993 -4.4986 -4.4996 -4.4990 -4.4980
St 6.566 6.5580 6.5546 6.5597 6.5561 6.5524
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Table 2: The Shannon entropies Sr e Sp as a function of the confinement radius rc for the
confined Hc, He
+
c e Li
2+
c in the ground state. All values are in atomic units (a.u.).
rc Ref.[18] φ
c
11(r) φ
c
12(r) φ
c
13(r) φ
c
2(r) φ
c
3(r)
Hc
0.5 Sr -1.470 -1.4537 -1.4598 -1.4531 -1.4577 -1.4652
Sp 7.967 8.0331 8.0364 8.0334 8.0356 8.0411
1.0 Sr 0.529 0.5411 0.5344 0.5417 0.5366 0.5283
Sp 5.991 6.0038 6.0069 6.0041 6.0060 6.0112
1.5 Sr 1.649 1.6559 1.6481 1.6564 1.6506 1.6408
Sp 4.857 4.8598 4.8629 4.8597 4.8619 4.8669
2.0 Sr 2.397 2.3967 2.3872 2.3970 2.3902 2.3783
Sp 4.099 4.0993 4.1028 4.0988 4.1016 4.1070
2.5 Sr 2.929 2.9198 2.9081 2.9200 2.9117 2.8969
Sp 3.565 3.5661 3.5713 3.5657 3.5696 3.5771
3.0 Sr 3.316 3.2944 3.2800 3.2947 3.2845 3.2661
Sp 3.183 3.1894 3.1971 3.1891 3.1947 3.2054
3.5 Sr 3.595 3.5594 3.5421 3.5600 3.5476 3.5259
Sp 2.914 2.9285 2.9392 2.9280 2.9357 2.9499
4.0 Sr 3.791 3.7422 3.7225 3.7435 3.7290 3.7047
Sp 2.730 2.7538 2.7670 2.7529 2.7626 2.7796
4.5 Sr 3.925 3.8650 3.8440 3.8673 3.8512 3.8255
Sp 2.609 2.6408 2.6555 2.6392 2.6505 2.6689
5.0 Sr 4.011 3.9463 3.9249 3.9496 3.9326 3.9069
Sp 2.533 2.5693 2.5845 2.5669 2.5791 2.5976
5.5 Sr 4.064 4.0000 3.9792 4.0043 3.9869 3.9623
Sp 2.487 2.5244 2.5392 2.5212 2.5337 2.5515
6.0 Sr 4.095 4.0354 4.0163 4.0410 4.0239 4.0008
Sp 2.462 2.4958 2.5097 2.4921 2.5043 2.5208
He+c
0.5 Sr -1.550 -1.5383 -1.5450 -1.5377 -1.5428 -1.5512
Sp 8.075 8.0832 8.0864 8.0835 8.0855 8.0906
1.0 Sr 0.317 0.3172 0.3078 0.3176 0.3108 0.2988
Sp 6.180 6.1787 6.1822 6.1783 6.1810 6.1864
1.5 Sr 1.237 1.2150 1.2005 1.2152 1.2050 1.1867
Sp 5.259 5.2688 5.2766 5.2685 5.2741 5.2848
2.0 Sr 1.714 1.6627 1.6431 1.6641 1.6495 1.6252
Sp 4.804 4.8333 4.8464 4.8323 4.8421 4.8590
2.5 Sr 1.937 1.8669 1.8455 1.8702 1.8531 1.8275
Sp 4.604 4.6488 4.6640 4.6463 4.6585 4.6771
3.0 Sr 2.023 1.9566 1.9368 1.9616 1.9444 1.9213
Sp 4.532 4.5752 4.5892 4.5716 4.5838 4.6003
3.5 Sr 2.055 1.9985 1.9815 2.0043 1.9885 1.9689
Sp 4.508 4.5440 4.5558 4.5399 4.5509 4.5645
4.0 Sr 2.063 2.0203 2.0060 2.0263 2.0122 1.9959
Sp 4.502 4.5291 4.5387 4.5249 4.5345 4.5456
4.5 Sr 2.065 2.0329 2.0209 2.0387 2.0263 2.0127
Sp 4.501 4.5209 4.5289 4.5170 4.5253 4.5343
5.0 Sr 2.065 2.0409 2.0306 2.0463 2.0353 2.0239
Sp 4.501 4.5160 4.5226 4.5123 4.5195 4.5270
Li2+c
0.5 Sr -1.650 -1.6399 -1.6477 -1.6394 -1.6452 -1.6550
Sp 8.152 8.1557 8.1587 8.1555 8.1577 8.1627
1.0 Sr 0.021 -0.0014 -0.0159 -0.0012 -0.0114 -0.0297
Sp 6.472 6.4852 6.4930 6.4849 6.4905 6.5012
1.5 Sr 0.633 0.5692 0.5481 0.5715 0.5553 0.5297
Sp 5.894 5.9366 5.9514 5.9350 5.9463 5.9647
2.0 Sr 0.808 0.7402 0.7204 0.7452 0.7280 0.7049
Sp 5.745 5.7916 5.8056 5.7879 5.8001 5.8167
2.5 Sr 0.843 0.7946 0.7790 0.8006 0.7856 0.7677
Sp 5.719 5.7518 5.7624 5.7475 5.7579 5.7701
3.0 Sr 0.848 0.8165 0.8045 0.8223 0.8099 0.7963
Sp 5.716 5.7373 5.7453 5.7334 5.7417 5.7507
3.5 Sr 0.849 0.8274 0.8179 0.8326 0.8223 0.8117
Sp 5.717 5.7306 5.7367 5.7271 5.7338 5.7407
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Figure 1: Ground state energy E as a function of the confinement radius rc for the confined
Hc, He
+
c and Li
2+
c . All values are in atomic units (a.u.). Subtitles: 1=φ
c
11(r), 2=φ
c
12(r),
3=φc13(r), 4=φ
c
2(r) and 5=φ
c
3(r).
in Figure 2. Based on such data, we have verified a decrease of Sr value and an
increase of Sp values when rc decreases and the confinement effect is enhanced.
Additionally, we can observe that Sr is smaller (and Sp is greater) for larger val-
ues of Z, that is, such quantities have a dependence on atomic nucleus number,
corroborating with the analytical work presented in Ref. [41]. These results
evidence the interpretation that Sr indicates a measure of the uncertainty in
the spatial location of the particle, and the global behavior of the quantities Sr
and Sp are justifiable considering Eq. (1). An interesting result for Hc case is
the intersection of Sr and Sp curves to rc ≈ 3.0 a.u.. At this point Sr and Sp
assume the value near to 3.25.
Moreover, the numerical values of Sr (and Sp) for these three hydrogenic-
like atoms approximate when the confinement becomes more intense. In the
region where the confinement effect is rigorous the quantity Sr may assume
negative values, as shown in Table 2 and in Refs. [18, 22, 33]. This result
has a simple explanation in the quantum context [19]: when rc is reasonably
small, the probability density becomes large and an0ρ(~r) > 1. In this situation,
−ρ(~r) ln an0ρ(~r) < 0 and, then, Sr may be negative. Remember that the wave-
function normalization is in relation to the integral
∫
ρ(~r)d~r. Note that in the
original Shannon’s work the entropy values for continuous distributions may be
negative (see pg. 631 in Ref. [1]).
4.3. The entropy sum
The entropy sum (St), from the Sr and Sp values presented in Table 2, of
confined Hc, He
+
c and Li
2+
c in the ground state for different values of confine-
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Figure 2: Shannon entropies Sr e Sp as a function of the confinement radius rc for the confined
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c
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c
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c
13(r), 4=φ
c
2(r)
and 5=φc3(r).
ment radius (rc) and trial wave functions are presented in Table 1, and their
general behavior are displayed in Figure 3. An immediate observation is that
the entropic uncertainty relation (St ≥ 6.4342) is valid for all studied confined
systems. Still, based on this Table, we conjecture that the values of St for con-
fined H-like atoms considered here retain a dependence on the atomic number Z
and are invariant through of the relation rcZ . For the three free hydrogenic-like
systems the value of entropy sum is invariant (St = 6.5666), corroborating with
the analytical study presented in Ref. [41].
Moreover, we can identified in the Figure 3 that St assumes a minimum
value at rc ≈ 1.0 a.u., rc ≈ 1.5 a.u. and rc ≈ 3.0 a.u. for the Li2+c , He+c and
Hc, respectively. This is not observed in Ref. [18] to Hc case, where the authors
found that the minimal value of St is to rc ≈ 2.5 a.u.. However, we have believed
in some kind of numerical problem in those results. Note from present results
that the rc value when the entropy sum is minimal decreases with increasing of
the atomic number, maintaining the following relationship: rc =
3
Z . For this
confinement radius, the Coulomb and the confining potentials are compensated
by creating a state of lower entropic uncertainty.
Additionally, we study the Gadre-Sears-Chakravorty-Bendale (GSCB) con-
jecture, originally analyzed for free neutral atoms, in confined environments
and also to ionized atoms, from results presented on Table 1. In particular,
the GSCB conjecture establishes that better basis functions (smaller values for
energy) present higher values for the entropic sum. In relation to Hc, the wave
function that provides the best value of E also provides the largest value of St
to rc values between 2.0 a.u. and 6.0 a.u.. There is an exception at rc = 3.5 a.u.
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Figure 3: Entropy sum St as a function of the confinement radius rc for the confined 1Hc,
He+c and Li
2+
c in the ground states. Subtitles: 1=φ
c
11(r), 2=φ
c
12(r), 3=φ
c
13(r), 4=φ
c
2(r) and
5=φc3(r).
where there is a inversion between φc11(r) and φ
c
13(r) wave functions but the
results are identical up to four figures. Similar results are observed for He+c
and Li2+c to rc values between 1.0 a.u. and 5.0 a.u. and 1.0 a.u. and 3.5 a.u.,
respectively. However, the GSCB conjecture fails when the ground state energy
of the confined H-like system is positive, and, for various rc values, the best
wave function (according to energy criteria) comes from the lowest value of St.
4.4. Strong confinement regime
In previous study of confined harmonic oscillator [33], we proposed that the
entropy sum can be employed to determine a strong or rigorous confinement
regime. This regime is defined when the influence of the confining potential
becomes greater than the free-system potential to specific configurations (or rc
values).
To verify this proposal in the present case studies, we have calculated for
rc values between 0.01 a.u. and 0.4 a.u. the St of confined Hc, He
+
c and Li
2+
c
in the ground state, comparing with the results for an electron confined in
an impenetrable spherical cage (e−c system). In particular, we have utilized
here only the φc3(r) trial wave function to describe the confined H-like systems
because it have showed the best behavior for small rc values, while the exact
solution for the ground state e−c system can be found in several textbooks (see,
e. g., Ref. [50]).
The ratios between St values of e
−
c (St(e
−
c )) and of confined H-like systems
(St(Hc), St(He
+
c ) and St(Li
2+
c )) are displayed in Figure 4, where ξ1 =
St(e
−
c )
St(Hc)
),
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ξ2 =
St(e
−
c )
St(He
+
c )
) and ξ3 =
St(e
−
c )
St(Li
2+
c )
. In such a Figure, we have observed that these
differents St tends to the one of e
−
c , that is St(e
−
c ) = 6.6172. For example,
at rc = 0.01 a.u., St(Hc) = 6.6127, St(He
+
c ) = 6.6123 and St(Li
2+
c ) = 6.6106.
Thus, we can consider that to rc values smaller than 0.1 a.u. the confined systems
are certainly in a strong or rigorous confinement regime, and the effect of the
Coulomb potential is supplanted by the impenetrable spherical cage potential.
The present results and the analyzes made in Ref.[33] respond to the recent
questions presented in Ref.[22] with respect to the behavior of entropy sum
when the confinement radius tends to zero.
ξ 1
, ξ
2
, ξ
3
1
1,002
1,004
1,006
1,008
1,01
1,012
1,014
1,016
rc (a.u.)
0 0,05 0,1 0,15 0,2 0,25 0,3 0,35 0,4 0,45
ξ1
ξ2
ξ3
Figure 4: Linear regressions of the ratios ξ1, ξ2 and ξ3 as a function of the confinement radius
rc .
5. Conclusion
In the present work a variational study on one-electron atomic systems (hy-
drogen, helium cation and lithium dication) confined within impenetrable walls
was performed by using the Shannon entropies and entropy sum. Novel expres-
sions to the entropy sum St and Shannon entropies Sr and Sp were proposed
to ensure their dimensionless characteristic. Subsequently, the energy, Sr, Sp
and St of Hc, He
+
c and Li
2+
c in their ground state were calculated for different
confinement radii by using different trial wave functions. In particular, such
trial functions provide reasonable results with the computed energy values close
to the results already presented in the literature.
The global behavior of these quantities were analyzed and two conjectures
were tested. The first conjecture establishes that St values for confined H-like
systems are invariant through of the relation rcZ , while the second one determines
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that to rc = r
mim
c ≡ 3.0Z a.u. the entropy sums St(Hc), St(He+c ) and St(Li2+c )
assume their minimum values. Specifically, when the confinement radius is
rmimc , the Coulomb and the confining potentials are compensated by creating a
state of lower entropic uncertainty, while for rc  rmimc the Coulomb potential
becomes the most relevant. For rc  rmimc the confined H-like systems are in
a strong or rigorous confinement regime when the effect of the impenetrable
spherical cage potential becomes the most relevant. This indicates that the
values of St for the confined Hc, He
+
c and Li
2+
c tends to the values obtained for
an electron confined in an impenetrable spherical cage (e−c system), both in the
ground state.
In addition, we verified that the entropic uncertainty relation is valid for
all studied confined systems. However, the GSCB conjecture that defines St
as a measure of trial wave functions quality has only been verified in confined
environments for confinement radius whose ground state energies are negative.
When this energy becomes positive, the GSCB conjecture fails and, for various
rc, the best trial wave function comes from the lowest value of entropy sum.
As a further application we plan to study the confined He-like systems by
using the Shannon entropies and the entropy sum within a variational frame-
work.
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